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Ehftpd fi. Enq Y fhudm ahslYo hlYfd –Y(: rsYsd/ne/sgd/Yqs khmd cqYvhmf udbsnqhyYshnm Ykfnqhsglr )ARfi8: RAAA19: OMBA1fi[ qdkx nm eqYld
zdkcr –a( Ykhfmdc vhsg sgd btqud chqdbshnmr hm sgd hlYfd0 Hm )ARfi8[: enq hmrsYmbd: sgnrd Yqd trdc sn sqYbd rsqdYlkhmdr –b(: kdYchmf sn sgd zmYk
udbsnqhyYshnm –c:d(0 Vd cdudkno Y mnudk eqYldvnqj oqnctbhmf rhmftkYqhsx/eqdd eqYld zdkcr: vghbg bYm ad bnladc fknaYkkx –e(: Ykknvhmf enq Y
lnqd qnatrs qdrnktshnm ne chqdbshnmr ne hmsdqrdbshmf btqudr: adssdq rsqdYlkhmdr –f(: Ymc tkshlYsdkx: adssdq udbsnqhyYshnm –g:h( vhsgnts bgYmfhmf
sgd qdrs ne sgd udbsnqhyYshnm Ykfnqhsgl0 Hmots hlYfd ’SqYbhd JhdqmYm: gssor.;;rsdoaxrsdooYhmshmf0mds;0

éarspWbs

RsYsd/ne/sgd/Yqs ldsgncr enq khmd cqYvhmf udbsnqhyYshnm qdkx nm fdmdqYsdc eqYld zdkcr enq qnatrs chqdbshnm chrYlahftYshnm: vhsg
dYbg ne sgd svn Ywdr Ykhfmhmf sn cheedqdms hmsdqrdbshmf btqud sYmfdmsr Yqntmc itmbshnmr0 Gnvdudq: Y bnllnm rntqbd ne snonknfhbYk
dqqnq enq rtbg ldsgncr Yqd eqYld zdkc rhmftkYqhshdr0 Sn qdldcx sghr: vd hmsqnctbd sgd zqrs eqYld zdkc noshlhyYshnm eqYldvnqj
ftYqYmsddc sn oqnctbd rhmftkYqhsx/eqdd zdkcr Ykhfmdc sn Y khmd cqYvhmf0 Vd zqrs odqenql Y bnmudw rnkud enq Y qntfgkx/Ykhfmdc
nqsgnfnmYk eqYld zdkc –bqnrr zdkc(: Ymc sgdm bnla YvYx hsr hmsdqmYk rhmftkYqhshdr vhsg Ym noshlYk sqYmronqs-aYrdc lYsbghmf0
Sgd qdrtkshmf snonknfx ne sgd zdkc hr rsqhbskx lYhmsYhmdc vhsg sgd lYbghmdqx ne chrbqdsd sqhuhYk bnmmdbshnmr hm Y zmYk: mnm/bnmudw
noshlhyYshnm sgYs Ykknvr mnm/nqsgnfnmYkhsx ne sgd zdkc: hloqnuhmf rlnnsgmdrr Ymc sYmfdms Ykhfmldms0 Ntq eqYld zdkcr bYm rdqud
Yr Y cqno/hm qdokYbdldms enq eqYld zdkc noshlhyYshnmr trdc hm oqduhntr vnqj: hloqnuhmf sgd ptYkhsx ne sgd zmYk udbsnqhyYshnmr0

BBR Bnmbdosr
© �nlotshmf ldsgncninfhdr → CPpPldspha atpud Pmc rtpePad lncdirv RgYod YmYkxrhr,

fi0 Hmspnctbshnm

Khmd cqZvhmf udbsnqhyZshnm hr Z entmcZshnmZk snnk enq bnmudqshmf
gZmc/cqZvm bnmbdosr hmsn qdrnktshnm/hmcdodmcdms: bnloZbs: Zmc
dZrx/sn/dchs btqudr: oqnctbhmf ntsots ZldmZakd sn fdnldsqx oqn/
bdrrhmf Zkfnqhsglr0 SqZchshnmZk khmd cqZvhmf udbsnqhyZshnm Zkfn/
qhsglr eZhk sn eZhsgetkkx udbsnqhyd sgd fdnldsqx ne itmbshnmr Zmc
rgZqo bnqmdqr: nq bqdZsd rotqhntr aqZmbgdr hm khmd cqZvhmfr: nesdm
lZjhmf sgd zmZk qdrtksr tmZbbdosZakd )ARfl8[0

� Bnqqdronmchmf Ztsgnq
† Inhms zqrs Ztsgnq

RsZsd/ne/sgd/Zqs udbsnqhyZshnm Zkfnqhsglr Zccqdrr sghr bgZkkdmfd
ax trhmf eqYld zdkcr – Z rlnnsg Zrrhfmldms ne svn Zwdr odq
ohwdk vgdqd Zs kdZrs nmd hr ZkvZxr Zkhfmdc sn sgd cdohbsdc btqud
sZmfdms —Ehf0 fla(0 Sghr gdkor chrZlahftZsd chqdbshnmr Zqntmc itmb/
shnmr lnqd qnatrskx )ARfl8:OMBA1fl:RAAA19[0 Gnvdudq: sgd ptZk/
hsx ne sgd zmZk udbsnqhyZshnm cdodmcr gdZuhkx nm sgd ptZkhsx ne sgd
tmcdqkxhmf eqZld zdkc0 é etmcZldmsZk khlhsZshnm ne sgd ldsgncr
Zanud hr sgZs sgdhq eqZld zdkcr bnmsZhm rhmftkYqhshdr–onhmsr vgdqd
lZsbghmf ne sgd chqdbshnmr hr hmbnmrhrsdms nq nmd ne sgd eqZld chqdb/
shnmr hr ydqn: kdZchmf sn Zwhr rvhsbghmf —Ehf0 1Z(0 RhmftkZqhshdr lZm/
hedrs Zr ZqsheZbsr hm sgd zmZk qdrtksr —Ehf0 flc(0 Oqdbhrdkx: rhmftkZqhshdr
bZm kdZc sn hmbnmrhrsdms snonknfx Zmc fdnldsqx: rtbg Zr fZor nq
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TmenqstmZsdkx: sgd ZuZhkZakd sqZhmhmf cZsZrdsr kZbj bnlokdwhsx:
sgtr qdmcdqhmf sgd Zkfnqhsglr bZoZakd ne udbsnqhyhmf nmkx rhlokd
hlZfdr0 Etqsgdqlnqd: sgdrd vnqjr cn mns Zhl sn qdbnmrsqtbs bnqqdbs
cqZvhmf snonknfx: lZjhmf sgd zmZk cqZvhmfr hmbnmudmhdms enq
dchshmf Zmc nsgdq cnvmrsqdZl ZookhbZshnmr )OMBA1fl[0

Vd athkc tonm sgd rsZsd/ne/sgd Zqs rdqhdr ne vnqjr sgZs qdkx nm
eqYld zdkcr )ARfl8: RAAA19: OMBA1fl[0 EqZld zdkcr Zqd Z mZst/
qZk dwsdmrhnm ne sZmfdms zdkcr: rodbhexhmf svn chqdbshnmr odq ohwdk:
vgdqd Zs kdZrs nmd Zkhfmr sn sgd btqud sZmfdms0 Sgd eqZld zdkc
gdkor chrZlahftZsd sgd chqdbshnmr ne W/ Zmc S/itmbshnmr: bZostq/
hmf sgd chqdbshnmr ne sgd svn hmsdqrdbshmf btqudr0 )ARfl8[ fdmdq/
Zsdr sgd eqZld zdkc uhZ Z khmdZq rnkud: sgdm sqZbdr hmsdfqZk btqudr
—rsqdZlkhmdr( Zknmf Z eqZld zdkc Zkhfmdc vhsg sgd hmots cqZvhmf0
Sgdrd rsqdZlkhmdr Zqd sgdm fqntodc: enqlhmf Z fqZog sgZs hr bkdZmdc
Zmc bnmudqsdc hmsn Z zmZk udbsnqhyZshnm0 )RAAA19[ rsZqsr eqnl Z
rhlhkZq eqZld zdkc: ats qdokZbdr sgd sqZbhmf bnlonmdms vhsg Z tu/
oZqZldsdqhyZshnm ne sgd mZqqnvaZmc: Zmc trdr sgd oZqZldsdqhyZ/
shnm hrnkhmdr0 Lnqd qdbdmskx: )OMBA1fl[ trdr sgd rZld eqZld zdkc
eqnl )ARfl8[: Ztfldmshmf hs vhsg sgd dwsqZbshnm ne btqud dmconhmsr:
hmsdqrdbshnmr: Zmc rgZqo bnqmdqr uhZ cddo kdZqmhmf lZbghmdqx0 Sgd
dwsqZbsdc jdxonhmsr Zqd sgdm bnmmdbsdc sn dZbg nsgdq vhsg btqudr
Zkhfmdc sn sgd eqZld zdkc uhZ Z fdnldsqhb finv0 Sgdrd ZooqnZbgdr
eZkk rgnqs ctd sn sgdhq qdkhZmbd nm sgd ptZkhsx ne sgd fdmdqZsdc eqZld
zdkcr: oqnmd sn dqqnqr fdmdqZsdc ax rhmftkZqhshdr0

Ntq vnqj hloqnudr sgd bnqd bnlonmdms ne sgd ldsgncr Zanud.
sgd tmcdqkxhmf eqZld zdkcr0 RhmftkZqhshdr hm sgd eqZld zdkcr kdZc
sn ZqsheZbsr Zmc hmbnqqdbs udbsnqhyZshnm snonknfx0 Ntq eqZldvnqj
hr ftZqZmsddc sn oqnctbd eqZld zdkcr vhsg mn rhmftkZqhshdr: sgtr
hloqnuhmf sgd ptZkhsx ne rtardptdms udbsnqhyZshnmr0 Vd cdlnm/
rsqZsd sgZs ntq ldsgnc hloqnudr lZqjdckx tonm sgd eqZld zdkcr
ne )ARfl8[: Zkrn trdc enq sgd OnkxUdbsnq finv ne )OMBA1fl[0

1010 Bpnrr Ehdkcr: EpWld Ehdkcr Wmc Ihmd Ehdkcr

Bqnrr zdkcr: nq Zm Zrrhfmldms ne svn nqsgnfnmZk chqdbshnmr odq
onhms: gZud entmc lZmx fqZoghbr trdr nudq sgd oZrs edv cdbZcdr:
d0f0: bqnrrgZsbg qdmcdqhmf )GY99[: sdwstqd rxmsgdrhr )OEG99:
KG95[: oZssdqm shkhmf )LU1fl[: oZqZldsqhyZshnm )QKK∗95[: Zmc ptZc
ldrghmf )AKO∗fl2[0 Sgdx lZx ad fdmdqZsdc hm ltkshokd vZxr: sZq/
fdshmf rlnnsgmdrr vghkd rodbhexhmf rhmftkZqhshdr: nq oqdrbqhahmf ch/
qdbshnmZk bnmrsqZhmsr )QUéK98: BCRfl9: OY96[0 Qdbdms vnqj gZr
lZcd trd ne sgd Fhmyatqf/KZmcZt dmdqfx sn ZtsnlZshbZkkx fdmdq/
Zsd bqnrr zdkcr vhsg roZqrd rhmftkZqhshdr )UNfl8[0 Hm ntq ZookhbZshnm:
vd Zhl sn bZostqd itmbshnm chqdbshnmr lnqd fidwhakx enq khmd cqZvhmf
udbsnqhyZshnm: rn vd trd Z lnqd qdbdms mnm/nqsgnfnmZk fdmdqZkhyZ/
shnm. eqZld zdkcr )OOSRGfl3:CUORGfl4[0

EqZld zdkcr Zqd 3/OnkxUdbsnq zdkcr bnlonrdc ne svn hmsdq/
bgZmfdZakd 1/QnRx zdkcr )CUORGfl3[0 HmhshZkkx: eqZld zdkcr gZud
addm trdc enq Zmhrnsqnohb )OOSRGfl3[ nq okZmZq ptZc qdldrghmf
)KWV∗flfl[: ats sgdx gZud rhmbd entmc ZcchshnmZk trdr0 Enq dwZl/
okd: )HAAfl4[ Zhlr sn qdbnmrsqtbs 2C naidbsr eqnl btquZstqd khmdr
ax fdmdqZshmf Z eqZld zdkc hm sgd roZbd adsvddm sgd hmots btqudr0

Tmkhjd )HAAfl4[: vd enkknv )ARfl8[ Zmc bnlotsd ntq eqZld zdkcr
dwbktrhudkx nm sgd cZqj ohwdkr ne sgd mZqqnv aZmc: Zr hs oqnuhcdr
rhfmhzbZms bnlotsZshnmZk ZcuZmsZfd0 Etqsgdqlnqd: hmrsdZc ne trhmf
sgd OnkxUdbsnq qdoqdrdmsZshnm enq eqZld zdkcr )CUORGfl3[ edZstqdc

hm )ARfl8:OMBA1fl:RAAA19[: vd dmbncd Z eqZld zdkc Zr Z oZhq ne
khmd zdkcr: Zkknvhmf tr sn dwokhbhskx bnmsqnk Zmc dkhlhmZsd rhmft/
kZqhshdr0 Hm sgd oqduhntr svn oZqZfqZogr: vd gZud bhsdc Z bnkkdbshnm
ne vnqjr nm udbsnq zdkcr Zmc udbsnq/zdkc/khjd naidbsr sgZs hr odq/
gZor lnrs qdkZsdc sn ntq ldsgnc: ats vd gZud tmcntasdckx lhrrdc
lZmx0 é rtqudx vghbg oqnuhcdr ZcchshnmZk bnmsdws Zmc ZookhbZshnmr
hr )UBC∗fl5[0

1020 RhmftkWphsx LWsbghmf uhW NoshlWk SpWmronps

)RUfl8[ hr sgd nmkx nsgdq vnqj sgZs vd Zqd ZvZqd ne: vghbg lZsbgdr
rhmftkZqhshdr ne zdkcr vhsg Zm noshlZk sqZmronqs eqZldvnqj0 Sgdhq
fnZk hr sgd ZarsqZbs nmd ne hmsdqonkZshmf udbsnq zdkcr nudq sqhZm/
fkd ldrgdr0 Sgdhq ldsgnc nodqZsdr ax hmsdqonkZshmf oZqsr ne sgd
Gncfd cdbnlonrhshnm ne sgd bnmmdbshnm fl/enql: fdmdqZshmf fknaZk
hmsdqonkZshnmr ne sgd svn hmots zdkcr0 Hm bnmsqZrs: ntq rhmftkZqhsx/
bnlahmf oqnbdctqd hr Zhldc Zs oqnctbhmf knbZkhydc hmsdqonkZshnmr:
Zmc sgd bnmmdbshnm fl/enqlr Zqd nmkx lnchzdc Zknmf lZsbghmf oZsgr
hm sgd ohwdk ldrg0 Sgd fqntmc ldsqhb chqdbskx qdfidbsr sgd hmbqdZrd
hm rlnnsgmdrr dmdqfx sgZs vntkc qdrtks eqnl otrghmf Z rhmftkZqhsx
Zknmf dcfdr0 Sghr lZhmsZhmr Zkhfmldms ne sgd zdkc sn sgd rjdsbg:
Zmc zwdr sgd mnhrx rhmftkZqhshdr sgZs )UNfl8[ Zkrn Zhlr sn sZld0

20 AWbjfpntmc
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Sn rodbhex onsdmshZk btqud chqdbshnmr Zs Z ohwdk: vd
trd bqnrr zdkcr nq oZhqr ne khmd zdkcr0 Nmd bZm oZ/
qZldsdqhyd sgd roZbd ne bqnrr zdkcr Zs Z ohwdk vhsg Z
rhmfkd bnlokdw mtladq v )JBORfl2[: sdqldc Z qdo/
qdrdmsYshud udbsnq0 Sgd entq bnlonmdms udbsnqr ne
sgd bqnrr zdkc Zqd sgd rds ne bnlokdw entqsg qnnsr
3
√
v: rdd hmrds zftqd —Z(0 émZknfntrkx: sgd roZbd

ne khmd zdkcr Zs Z ohwdk hr oZqZldsdqhydc vhsg Z rhm/
fkd qdoqdrdmsZshud udbsnq: fhudm ax bnlokdw mtladq
t0 Sgd bnlonmdms udbsnqr Zqd sgd bnlokdw rptZqd

qnnsr
√
t: rdd hmrds zftqd —a(0 Sgdrd qdoqdrdmsZshnmr Zqd rodbhZk

bZrdr ne sgd OnkxUdbsnq qdoqdrdmsZshnm ne )CUORGfl3[: vgdqdax
bnlonmdms udbsnqr ne Z zdkc Zqd qnnsr ne Z bnlokdw onkxmnlhZk0
Sgd onkxmnlhZkr fdmdqZshmf sgd zdkcr Zanud Zqd y3�v Zmc y1�t0

Enq sgd bqnrr Zmc khmd zdkcr Zanud: Z 1π qnsZshnm ne sgd qdoqdrdm/
sZshud udbsnqr v Zmc t kdZcr sn Z π

3 Zmc π
1 qnsZshnm ne sgd bnlonmdms

udbsnqr: qdrodbshudkx0 Mnmydqn qnsZshnmr ne sgd qdoqdrdmsZshud udbsnq
zdkcr Zr xnt bhqbtkZsd —bntmsdqbknbjvhrd( Zants Z onhms cdmnsd ydqn
rhmftkYqhshdr0 Sgdrd bnqqdronmc sn sgd hmcdwdc onhms rhmftkZqhshdr Zs
ydqnr ne Z rlnnsg udbsnq zdkc0 ém dwZlokd ne sgdrd rhmftkZqhshdr enq
mnm/nqsgnfnmZk eqZld zdkcr fdmdqZsdc uhZ sgd ldsgnc ne )ARfl8[
lZx ad rddm hm Ehf0 10 Rtbg rhmftkZqhshdr lZx bZtrd dqqnqr hm sgd
cnvmrsqdZl sqZbhmf ne rtbg zdkcr0

Hm sghr vnqj: sgd hmcdw ne bqnrr Zmc khmd zdkc rhmftkZqhshdr hr sgd
mtladq ne etkk —1π( qnsZshnmr sgZs sgd qdoqdrdmsZshud udbsnq zdkc odq/
enqlr Zr xnt bhqbtkZsd bntmsdqbknbjvhrd Zants sgd rhmftkZqhsx0 Mnsd
sghr cheedqr eqnl Z bnllnm bnmudmshnm vgdqd sghr hmcdw hr chuhcdc
ax 3 Zmc 1 enq bqnrr zdkcr Zmc khmd zdkcr: qdrodbshudkx: sn qdfidbs
qnsZshnm ne sgd bnlonmdms udbsnqr0 ér vd Zqd knnjhmf Zs chrbqdshydc
udbsnq zdkcr: vd bnmrhcdq onhmsr sn ad rhmftkZqhshdr nmkx he sgdx gZud
mnmydqn hmcdw, rdd sgd hmrds zftqd hm Rdb0 2020
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Ehftpd 2. MYqqnvaYmc –Y(: oqhlYk ldrg –a(: Ymc ctYk ldrg –b(0

)ARfl8[ trdr Z rodbhzb 3/onkxudbsnq roZbd sn oZqZldsdqhyd svn
rdsr ne Zwdr: fhudm ax bnlokdw onkxmnlhZkr ne sgd enql y3)b1y

1)
b90 Sgdrd eZbsnq hmsn oqnctbsr �y1�v(�y1� t( rgnvhmf sgd qdoqd/
rdmsZshud udbsnqr ne sgd svn Zwdr0 Hm sghr qdoqdrdmsZshnm hs hr onrrhakd
sn gZud sgd v Zmc t Zwdr rvhsbg nq oZrr sgqntfg dZbg nsgdq: Zr hkktr/
sqZsdc hm Ehf0 1Z0 Sghr hr Zm Ywhr rvhsbg rhmftkYqhsx: Zmc hs bZm Zkrn
bZtrd rdqhntr dqqnqr hm cnvmrsqdZl sqZbhmf —Ehf0 1a( ne sgdrd zdkcr0
Hm Rdb0 302: vd cdrbqhad Z oZqshbtkZq eqZld zdkc qdoqdrdmsZshnm Zmc
noshlhyZshnm naidbshud sgZs Zunhcr sgdrd rhmftkZqhshdr0

2010 CnlWhm ] Chrbpdsd CheedpdmshWk NodpWsnpr

Sgd cnlZhm ne ntq Zkfnqhsgl hr sgd mYqqnvaYmc ne sgd hlZfd: cd/
mnsdc Ω. sgd tmhnm ne ohwdkr vhsg fqdxrbZkd uZktd Zanud Z trdq/
rodbhzdc sgqdrgnkc τ ∈ =9.144(0 Vd enql Z oqhlYk ldrg Zmc Z ctYk
ldrg ne sgd mZqqnvaZmc: hkktrsqZsdc hm Ehf0 20 Sgd oqhlZk ldrg —Ehf0
2a( gZr ptZcqhkZsdqZk eZbdr E : vghbg Zqd sgd mZqqnvaZmc ohwdkr: vhsg
dcfdr D Zmc udqshbdr U qdoqdrdmshmf sgd antmcZqhdr Zmc bnqmdqr ne
sgdrd ohwdkr0 Sgd ctZk ldrg —Ehf0 2b( dkdldmsr Zqd hm bnqqdronm/
cdmbd vhsg uZqhntr oqhlZk ldrg rsqtbstqdr0 Hsr ptZcqhkZsdqZk eZbdr
Zqd bdmsdqdc Zs hmsdqhnq oqhlZk udqshbdr Uhms. sgnrd sgZs Zqd Z bnqmdq
ne entq mZqqnvaZmc ohwdkr0 DZbg ctZk dcfd bqnrrdr Z oqhlZk hmsdqhnq
dcfd. sgnrd rdoZqZshmf svn mZqqnvaZmc ohwdkr, sgd rds ne vghbg Zqd
cdmnsdc Dhms0 KZrskx: sgd ctZk udqshbdr Zqd bdmsdqdc Zs bnqqdronmchmf
oqhlZk eZbdr. mZqqnvaZmc ohwdkr0

Sgd mZqqnvaZmc lZx ad oZqshshnmdc hmsn bnmmdbsdc bnlonmdmsr
ne sgd ctZk ldrg —Zkrn bZkkdc 3/bnmmdbsdc(0 Enq rhlokhbhsx: lnrs ne
sghr oZodq Zrrtldr sgZs Ω gZr itrs nmd bnmmdbsdc bnlonmdms0 Sghr
hr nesdm mns sgd bZrd: ats sgd ZooqnoqhZsd fdmdqZkhyZshnmr sn ltkshokd
bnlonmdmsr Zqd cdrbqhadc hm sgd qdkduZms ronsr0 Tmkdrr nsgdqvhrd
mnsdc: kds l cdmnsd sgd mtladq ne bnmmdbsdc bnlonmdmsr: Zmc kds
A cdmnsd sgd rds ne antmcZqx bnlonmdmsr ne sgd ctZk ldrg: vhsg
|A| + m0

Sn bnmrsqZhm rhmftkZqhshdr: vd trd sgd lZbghmdqx ne chrbqdsd dw/
sdqhnq bZkbtktr )BcFCRfl2[0 Sgd chrbqdsd fqZchdms nodqZsnq: c9 ∈
CSDS×SU S: hr Z roZqrd lZsqhw vhsg ±fl dmsqhdr hm onrhshnmr �h. i(:
vgdqd udqsdw i hr Zm dmconhms ne dcfd h0 Sgd rhfm ne sgd dmsqx cd/
odmcr nm Zm ZqahsqZqx qdedqdmbd chqdbshnm bgnrdm enq dZbg oqhlZk
dcfd. )fl he i hr sgd sZqfds: Zmc �fl he i hr sgd rntqbd0 Vgdm c9 hr
Zookhdc sn Z etmbshnm nudq U : hs zmcr sgd etmbshnm cheedqdmbd nudq
dZbg nqhdmsdc dcfd: fhuhmf Z chrbqdshydc fqZchdms ne sgZs etmbshnm0

Sgd chrbqdsd btqk nodqZsnq cfl ∈CSES×SDS hr Z roZqrd lZsqhw vhsg
±fl dmsqhdr hm onrhshnmr �h. i(: vgdqd dcfd i hr nm sgd antmcZqx ne
eZbd h0 Sgd dmsqx hr )fl he dcfd i hr chqdbsdc bntmsdqbknbjvhrd Zants
eZbd h: Zmc�fl he hs hr bknbjvhrd0 Vgdm cfl hr Zookhdc sn Z chrbqdshydc
udbsnq zdkc —nq fl/enql( fhudm Zr Z etmbshnm nudq nqhdmsdc dcfdr: hs
bZkbtkZsdr Z chrbqdshydc btqk Zants oqhlZk ldrg eZbdr0

2020 SphuhWk Bnmmdbshnmr

Vd rodbhZkhyd sgd ldsgnc ne )BCRfl9[ sn ntq okZmZq ohwdk fqhc rds/
shmf: bnmrhcdqhmf —oqhlZk( eZbd/aZrdc zdkcr nudqΩ0 Sgdrd zdkcr Zqd
rodbhzdc ax qnsZshnmr sn ad Zookhdc —chrbqdsd bnmmdbshnmr( Zr nmd
sqZudqrdr sgd dcfdr ne sgd ctZk ldrg0 Sgtr Z bnmmdbshnm fl/enql hr
fhudm ax Z udbsnq α ∈CSDhmsS0 SnonknfhbZk bnmrsqZhmsr khjd rhmftkZq/
hshdr: sgdhq hmchbdr: Zmc antmcZqx hmchbdr adbnld khmdZq bnmchshnmr
sgZs α ltrs rZshrex0

Enq knbZkkx vdkk/cdzmdc zdkcr: vd Zrj sgZs
sgd rtl ne Zmfkd bgZmfdr hr Z ltkshokd ne 1π
vgdm rtlldc Zqntmc Zmx entq ctZk dcfdr sgZs
bhqbtkZsd Zants Z oqhlZk hmsdqhnq udqsdw Zmc
bnqqdronmchmf ctZk eZbd0 DwZlokdr Zqd hm sgd
hmrds zftqd. sno - rtl hr 1π fhuhmf hmcdw fl,
anssnl - rtl hr 9 fhuhmf hmcdw 90 Sghr hr Z
chrbqdsd ZmZknftd sn Z bnmmdbshnm gZuhmf sqhu/
hZk gnknmnlx Zants Z knbZk knno0 ér ntq cn/
lZhm Ω hr fiZs: vd cn mns mddc sn Zbbntms enq
Zmx FZtrrhZm btquZstqd bnmsZhmdc vhsghm ntq
bxbkd Zants Z udqsdw: Zr cnmd hm )BCRfl9[0

Sn Zunhc hmsdqmZk rhmftkZqhshdr: vd Zrj sgZs
sgd rtl ne Zmfkd bgZmfdr hr ydqn enq dudqx rtbg knno0 Vd dwoqdrr
sghr vhsg Z |Dhms|· |Uhms| rtalZsqhw chms9 ne c9: vgnrd qnvr“bnktlmr
bnqqdronmc sn hmsdqhnq oqhlZk dcfdr“udqshbdr —qdrodbshudkx(0 Ltksh/
okhbZshnm ax �chms9 (⊤ rtlr Zmfkd bgZmfdr Zants hmsdqhnq oqhlZk udq/
shbdr: Zmc �chms9 (⊤α + 9 dmenqbdr mn hmsdqmZk rhmftkZqhshdr0

Enq fknaZkkx vdkk/cdzmdc zdkcr: sgd rtl ne Zmfkd bgZmfdr Zknmf
Zmx knno ne ctZk dcfdr —bZkkdc bxbkdr ax )BCRfl9[( ltrs ad dptZk sn
1πj: j ∈R0 ér sghr hr ZkqdZcx dmenqbdc Zants knbZk bxbkdr: vd mddc
nmkx dmenqbd hs etqsgdq nm Z rds ne gnlnknfx fdmdqZsnqr enq Ω0 Vhsg
Z okZmZq mZqqnvaZmc: sgd antmcZqx bxbkdr ne sgd ctZk ldrg lZx
ad bgnrdm Zr Z rds ne fdmdqZsnqr0 Kds �∂Ω(h cdmnsd sgd hsg antmc/
Zqx bnlonmdms: Zmc kds jh cdmnsd sgd hmsdfdq mtladq ne qnsZshnmr
hmctbdc ax sgd bnmmdbshnm Zants �∂Ω(h0 Sgd rds ne jh+r hr snonknf/
hbZkkx bnmrsqZhmdc ax Z chrbqdsd OnhmbZqé/Gnoe enqltkZ —Dp0 2(0 He
sgd rtl ne Zmfkd bgZmfdr hr Z ltkshokd ne 1π enq dudqx knno ne ctZk
dcfdr: sgd bnmmdbshnm hr bZkkdc sqhuhYk0

Bnmmdbshnm HmsdfpWshnm0 Fhudm Z sqhuhZk bnmmdbshnm nm Z bnm/
mdbsdc bnlonmdms ne Ω: sgdqd hr nmd lnqd cdfqdd ne eqddcnl hm
rodbhexhmf Z zdkc. sgd zdkc Zmfkd φ Zs rnld qnns ohwdk —ctZk udqsdw(0
Eqnl sgdqd: nmd hmsdfqZsdr sgd bnmmdbshnm Zknmf Z roZmmhmf sqdd hm
sgd ctZk ldrg sn fds Z etkk udbsnq zdkc0 Hm oZqshbtkZq: kds θh cdmnsd
sgd qdoqdrdmsZshud udbsnq Zmfkd Zs Z ctZk udqsdw uh: Zmc kds γh cdmnsd
sgd tmhptd oZsg sn uh eqnl sgd qnns ne sgd roZmmhmf sqdd0 Sgdm Zm
dwoqdrrhnm enq θh hr.

θh + φ) ∑
h i∈γh

αh i —fl(

Hm sgd dwoqdrrhnm Zanud: αh i +�α ih: rn sgd nqhdmsZshnm ne sgd dcfd
hr Zbbntmsdc enq0 Hm fdmdqZk: Z mZqqnvaZmc cnlZhm bnmrhrsr ne lZmx
bnmmdbsdc bnlonmdmsr: rn sgdqd hr Zm ZcchshnmZk cdfqdd ne eqddcnl
φ i enq dZbg ne sgdrd0 Sgdx cdmnsd sgd zdkc Zmfkd Zs dZbg qnns ohwdk
hm Z roZmmhmf enqdrs ne sgd mZqqnvaZmc ctZk ldrg0

AntmcWpx Hmchbdr ] OnhmbWp�/Fnoe0 Enq Z fhudm nqhdmsdc antmc/
Zqx �∂Ω(h: vd gZud sgZs jh + fl

1π ∑h i∈�∂Ω(h αh i 0 Sgd chqdbshnm ne
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 a(
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)-

+-

)-

+-

)-

+-

)-

+-

)-

+-

)-

Ehftpd 3. Ehdkc NoshlhyYshnm Nudquhdv0 Sgd zqrs rsdo ne ntq zdkc noshlhyYshnm fdmdqYsdr Y bqnrr zdkc –Y( vghbg Ykhfmr vdkk vhsg sgd sYmfdms hm
lnrs okYbdr: ats gYr rhmftkYqhshdr Ymc eYhkr mdYq itmbshnmr Ymc btqud dmconhmsr0 Ctd sn sgdrd rhmftkYqhshdr: nmd bYmmns dwsqYbs Y rhmftkYqhsx/
eqdd khmd zdkc chqdbskx: Yr hr rddm hm –a(0 HmsdfqYsdc zdkc chrbnmshmthshdr Yqd cdmnsdc vhsg cYrgdc fqddm khmdr0 Ntq noshlYk/sqYmronqs/aYrdc
lYsbghmf oYhqr rhmftkYqhshdr ne noonrhsd rhfmr nq otrgdr sgdl sn sgd antmcYqx: d0f0 –Y(: Ymc sgd qdrtks onrs/bnlahmf hr rddm hm –b(0 Sgd zmYk
mnmbnmudw rnkud Ykknvr ntq zdkcr sn ad mnm/nqsgnfnmYk Ybghduhmf Y rlnnsg: rhmftkYqhsx/eqdd: Ymc Ykhfmdc zdkc0

antmcZqx sqZudqrZk enkknvr bnmudmshnm: jddohmf sgd hmsdqhnq ne Ω sn
sgd kdes —sgtr: bntmsdqbknbjvhrd nm dwsdqhnq antmcZqhdr Zmc bknbj/
vhrd nm hmsdqhnq antmcZqhdr(0 AntmcZqx hmchbdr Zqd cdzmdc.

hmcα��∂Ω(h( +


fl� jh he γ hr Zm dwsdqhnq antmcZqx
�fl� jh he γ hr Zm hmsdqhnq antmcZqx

—1(

MnsZakx: sgd m antmcZqx hmchbdr enq Z bnmmdbsdc bnlonmdms ne Ω
ltrs rZshrex sgd OnhmbZqé/Gnoe enqltkZ.

m

∑
h+fl

hmcα��∂Ω(h( + χ�Ω( + 1�m —2(

vgdqd χ cdmnsdr sgd Dtkdq bgZqZbsdqhrshb0 Mnsd sgZs sghr gnkcr
nudq Zkk bnmmdbsdc bnlonmdmsr ne ntq mZqqnvaZmc0 Hmsthshudkx: sgd
antmcZqx hmchbdr cdmnsd sgd mtladq Zmc jhmc ne bnqmdqr Zmc rgZqo
stqmr hlokhdc ax sgd eqZld zdkc0 Rnld rhlokd dwZlokdr Zqd hm sgd
rtookdldmsZqx lZsdqhZkr: enq qdZcdqr tmeZlhkhZq vhsg sghr bnmbdos0

Cdrhqdc antmcZqx hmchbdr lZx Zkrn ad dmenqbdc vhsg Z khmdZq
bnmrsqZhms0 Vd bnmrsqtbs Z lZsqhw G ∈ Cm×SDhmsS vgdqd dZbg qnv
bnqqdronmcr sn Z antmcZqx bxbkd �∂Ω(h.

G� i.j(+






fl he ij ∈ �∂Ω(h Zmc ij hr vhsg sqZudqrZk chqdbshnm
�fl he ij ∈ �∂Ω(h Zmc ij hr ZfZhmrs sqZudqrZk chqdbshnm
9 he ij <∈ �∂Ω(h

—3(
He vd fZsgdq sgd cdrhqdc jh hmsn Z udbsnq j: sgd antmcZqx hmcdw bnm/
rsqZhmsr Zqd rtbbhmbskx dwoqdrrdc Zr Gα + j0

30 Ldsgnc

Ntq ldsgnc enkknvr Z rdptdmbd ne sgqdd rsdor. Zm hmhshZk ptZcqZshb
rnkud enq Z qntfgkx/Zkhfmdc bqnrr zdkc: Zm hcdmshzbZshnm Zmc bnla/
hmf ne sgd rhmftkZqhshdr: Zmc Z kZrs mnmbnmudw rnkud sn nasZhm Z
rlnnsgdq: adssdq/Zkhfmdc mnm/nqsgnfnmZk zdkc0 ém nudquhdv ne gnv
sghr oqnbdctqd nodqZsdr mdZq Z itmbshnm hr rgnvm hm Ehf0 30

30fi0 Bnmudw HmhshWkhyWshnm

Ntq lZhm noshlhyZshnm —Rdb0 302( hr mnmbnmudw: gdmbd hsr zmZk ptZk/
hsx cdodmcr nm sgd hmhshZk ftdrr0 Hm sghr rdbshnm: vd trd Z khmdZq

rnkud sn noshlhyd Z ptZcqZshb dmdqfx: Zmc oqnctbd Z bqnrr zdkc sgZs
hr Zkhfmdc vhsg sgd cqZvhmf: ats khjdkx gZr rhmftkZqhshdr0

é bnlokdw udbsnq e ∈ 1SES qdoqdrdmsr Z bqnrr zdkc nm Ω: vgdqd
eh hr sgd qdoqdrdmsZshud udbsnq nm ohwdk h —rdd Rdb0 20fl(0 Vd enqltkZsd
sgd enkknvhmf naidbshud: rhlhkZq sn )JBORfl2[.

lhm
e∈1|E|


fl
�R

e⊤� e ) v
��

∑
h.fh ̸+9

| eh�f3h |1


. —4(

vgdqd � + chmsfl �chmsfl (⊤ hr Z chrbqdsd KZokZbhZm enq etmbshnmr nudq
sgd ohwdkr: Zmc fh ∈ 1 hr sgd mnqlZkhydc hlZfd fqZchdms Zs ohwdk
h0 Gdqd: chmsfl hr sgd |E |· |Dhms| rtalZsqhw ne cfl: vhsg bnktlmr bnq/
qdronmchmf sn sgd hmsdqhnq dcfdr ne sgd oqhlZk ldrg —Zmc dcfdr ne
sgd ctZk ldrg(0 Sgd zqrs sdql hr Z Chqhbgkds dmdqfx: ldZrtqhmf zdkc
rlnnsgmdrr: Zmc sgd rdbnmc sdql dwoqdrrdr Zkhfmldms sn sgd hlZfd
fqZchdms0 Vd trdc v + fl<7 hm ntq dwodqhldmsr: vghbg hr Z qdkZshud
vdhfgshmf oZqZldsdq adsvddm sgdrd svn sdqlr0 Sgd svn mnqlZkhyZ/
shnm eZbsnqr: �R Zmc ��: Zqd qdrodbshudkx sgd mtladq ne ctZk dcfdr
Zmc sgd mtladq ne ohwdkr vhsg mnm/ydqn hlZfd fqZchdms0

Sgd qdrtkshmf khmdZq JJS rxrsdl hr.


fl
�R
�)

v
��

O

e +

v
��

Of3. —5(

vgdqd O hr Z chZfnmZk lZsqhw rdkdbshmf ohwdkr vhsg fh ̸+ 90 Sgd rxr/
sdl lZsqhw hr roZqrd: rxlldsqhb: Zmc onrhshud rdlhcdzmhsd: rn vd
rnkud sgd rxrsdl uhZ oqdbnmchshnmdc bnmitfZsd fqZchdmsr0 ém dwZl/
okd noshltl lZx ad rddm hm Ehf0 30 Sgd qdrtks sdmcr sn Zkhfmr vdkk
hm lnrs qdfhnmr: ats sgdqd lZx ad lZmx hmsdqmZk rhmftkZqhshdr: nesdm
Zqhrhmf Zs itmbshnmr Zmc btqud dmconhmsr0

3010 Ehdkc Bnlahmf enp Hmcdw DwspWbshnm Wmc érrhfmldms

Vd tkshlZsdkx qdoqdrdms ntq eqZld zdkcr Zr oZhqr ne khmd zdkcr: Zmc
qdpthqd sgdl sn rZshrex oZqshbtkZq hmcdw bnmrsqZhmsr sn Zunhc hmsdqmZk
rhmftkZqhshdr0 Hm sghr rsdo: vd trd sgd bqnrr zdkc sn zmc nmd ne sgdrd
khmd zdkcr: Zmc vd ”bnla; ZvZx sgd rhmftkZqhshdr sn cdsdqlhmd sgd
antmcZqx hmcdw bnmrsqZhmsr vd vhkk hlonrd0

GZuhmf bnlotsdc sgd qdoqdrdmsZshud udbsnq zdkc e ne sgd nosh/
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lZk bqnrr zdkc: vd bnlotsd sgd bnmmdbshnm hmctbdc ax sghr qdoqd/
rdmsZshud udbsnq zdkc. αbqr

h i + éqf

e i
eh


0 é mZhud Zssdlos Zs zmchmf

sgd bnmmdbshnm enq Z mnm/rhmftkZq khmd zdkc vntkc ad sn bnmrhcdq
αbqr
h i <1: Zr sgd qdoqdrdmsZshud udbsnq enq Zm Zwhr ne sgd bqnrr zdkc qn/

sZsdr Zs gZke sgd qZsd ne sgd qdoqdrdmsZshud udbsnq enq sgd bqnrr zdkc0
TmenqstmZsdkx: sghr eZhkr sn qdoqdrdms Z sqhuhZk bnmmdbshnm enq Z khmd
zdkc Zr bZm ad rddm hm Ehf0 3a0

EZhktqd nbbtqr Zs hmsdqmZk rhmftkZqhshdr ne sgd bqnrr zdkc: vghbg
lZx ad entmc ax bnlotshmf �chms9 (⊤αbqr ∈ S�fl.9.)fl{SUhmsS0 Mnm/
ydqn dkdldmsr cdmnsd hmsdqhnq rhmftkZqhshdr ne sgnrd hmchbdr0 Ntq rhm/
ftkZqhsx hmchbdr Zqd antmcdc ax fl hm Zarnktsd uZktd adbZtrd ntq
ctZk eZbdr gZud entq dcfdr Zmc |αbqr

h i | , π0

Sn dkhlhmZsd sgdrd rhmftkZqhshdr: vd odqenql Zm noshlZk/
sqZmronqs/aZrdc lZsbghmf ne sgd onrhshud Zmc mdfZshud rhmftkZqhshdr
vhsg dZbg nsgdq: nq vhsg sgd antmcZqhdr0 Vd sgdm otrg sgdrd rhmft/
kZqhshdr Zknmf sgdhq lZsbghmf oZsgr sn dkhlhmZsd dZbg nsgdq nq bnm/
sqhatsd sn Z oZqshbtkZq antmcZqx hmcdw0 Adenqd fdsshmf hmsn oqnakdl
enqltkZshnm cdsZhkr: vd mnsd sgZs vd oqnuhcd Z edv knbZk dwZlokdr
ne sghr lZsbghmf hm sgd rtookdldmsZqx enq hmsthshnm0

Otrghmf rhmftkWphshdr0 Sgd hmhshZk bqnrr zdkc
hr nesdm vdkk/Zkhfmdc Zknmf sgd antmcZqhdr: rn
vd Zhl sn jddo sgd hmchuhctZk bqnrrdr sgd rZld
Zs dZbg ohwdk0 Vd Zbghdud sghr vghkd rshkk rghes/
hmf rhmftkZqhshdr ax lnchexhmf αbqr ax hmbqd/
ldmsr ne 1π Zr vd bqnrr dZbg ctZk dcfd0 Sghr
lZx ad rddm hm sgd hmrds zftqd: vgdqd nmd bZm
rdd sgZs sghr hr dpthuZkdms sn qdudqrhmf sgd ch/
qdbshnm ne hmsdqonkZshnm ne sgd qdoqdrdmsZshud
udbsnqr0 Hm oZqshbtkZq: Zm hmcdw fl rhmftkZqhsx hr
otrgdc tovZqcr: rtasqZbshmf 1π eqnl sgd nqhf/
hmZk bnmmdbshnm: Zmc qdudqrhmf sgd chqdbshnm ne
hmsdqonkZshnm0 Vd trd αbla sn cdmnsd sgd mdv
bnmmdbshnm Zmc vgdm vd otrg Z rhmftkZqhsx
nudq Zm dcfd h i sgd ZooqnoqhZsd bgZmfd hr.

αbla
h i +


αbqr±1π he h i hr vhsg dcfd nqhdmsZshnm
αbqr±1π he h i hr ZfZhmrs dcfd nqhdmsZshnm

—6(

Hm sgd Zanud dwoqdrrhnm: sgd sno“anssnl nodqZmcr bnqqdronmc sn
otrghmf ne Z onrhshud“mdfZshud rhmftkZqhsx: qdrodbshudkx0

Sgdrd bgZmfdr bntkc kdZc sn kZqfd hmbqdZrdr hm |αbqr|1: rn vd
cdzmd svn vdhfgsdc chqdbsdc fqZogr sgZs rodbhex sgd ldsqhb enq ntq
rhmftkZqhsx lZsbghmf oqnakdl0 Sgdx lnshuZsd rlZkkdq hmbqdZrdr hm
rlnnsgmdrr Zr vd otrg rhmftkZqhshdr Zants Ω: Zmc Zkrn hmbdmshuhyd
lnudldms ne rhmftkZqhshdr sgqntfg qdfhnmr vgdqd | e | hr rlZkk0 Vd
mddc Z chqdbsdc fqZog dZbg enq otrghmf onrhshud Zmc mdfZshud rhm/
ftkZqhshdr: vhsg vdhfgsr cdmnsdc v)

h i Zmc v
�
h i : qdrodbshudkx0 Sgd udq/

shbdr Zmc dcfdr Zqd sgnrd ne sgd oqhlZk ldrg0

Hm sgd otrg ne Z onrhshud rhmftkZqhsx cdohbsdc hm sgd hmrds zf/
tqd Zanud: sgd hmbqdZrd hm rlnnsgmdrr hr �αbqr� 1π(1� �αbqr(1 +
3π�π�αbqr(0 RhlhkZq bZkbtkZshnmr lnshuZsd sgd enkknvhmf vdhfgsr
enq ntq fqZogr.

v±
h i +






�| eh|) | e i|(�π±αbqr( he h i hmsdqhnq: vhsg nqhdmsZshnm
�| eh|) | e i|(�π±αbqr( he h i hmsdqhnq: ZfZhmrs nqhdmsZshnm
∞ he h i antmcZqx

Sgd mnql/aZrdc bndezbhdmsr �| eh| ) | e i|( lnshuZsd rhmftkZqhsx
lnudldms Zknmf oZsgr vgdqd | e | hr rlZkk0 Sgdrd vdhfgsr Zqd Zkk
onrhshud Zr αbqr ∈ ��π.π(: rn vd trd ChijrsqZ+r Zkfnqhsgl sn bZkbt/
kZsd chrsZmbdr nm sgdrd vdhfgsdc fqZogr0

NoshlWk spWmronps lWsbghmf0 Kds tr cdzmd ntq noshlZk sqZmronqs
oqnakdl: vhsg S�.S) ⊂Uhms cdmnshmf sgd rdsr ne onrhshud Zmc mdf/
Zshud rhmftkZqhshdr: qdrodbshudkx0 Kds o�h Zmc o)i cdmnsd sgd hsg mdf/

Zshud rhmftkZqhsx Zmc sgd isg onrhshud rhmftkZqhsx: qdrodbshudkx0 Sgdm
vd bnmrhcdq Z bnrs lZsqhw B ∈C�SS�S)fl(×�SS)S)fl(.

B�h. i( +






c��o�h . o)i ( he fl≤ h≤ |S�| Zmc fl≤ i ≤ |S)|
c��o�h .∂Ω( he fl≤ h≤ |S�| Zmc i + |S)|)fl
c)�o)i .∂Ω( he h+ |S�|)fl Zmc fl≤ i ≤ |S)|
∞ he h+ |S�|)fl Zmc i + |S)|)fl

Hm sgd Zanud: c��·. ·( Zmc c)�·. ·( cdmnsd chrsZmbdr nm sgd #fl Zmc
/fl chqdbsdc fqZogr0 Sgd qdrtkshmf khmdZq oqnfqZl rnkudr enq Z lZsqhw
S ∈C�SS�S)fl(×�SS)S)fl( Zr enkknvr.

lhm
S
}B.S ⟩

r�s�∑
i
Sh i + fl. enq fl≤ h≤ |S�|

∑
h
Sh i + fl. enq fl≤ i ≤ |S)|

Sh i ≥ 9. ∀h. i�

—7(

Sgd mZqqnvaZmc antmcZqx rdqudr Zr Zm hmzmhsd rntqbd Zmc rhmj
vghbg stqmr sghr hmsn Zm tmaZkZmbdc noshlZk sqZmronqs oqnakdl: vhsg
Z ahmZqx rnktshnm0 Hs lZsbgdr dZbg rhmftkZqhsx vhsg nmd ne sgd noon/
rhsd rhfm nq sn Z mdZqdrs antmcZqx udqsdw0 é rhlokd qdenqltkZshnm
Zmc Zqftldms rgnvr sgZs sgd qdrtkshmf sqZmronqs hr fnhmf sn ad Z
ahmZqx lZsbghmf ne mdfZshud rhmftkZqhshdr Zmc onrhshud rhmftkZqhshdr:
vhsg rnld adhmf otrgdc sn antmcZqhdr0 Rdd sgd Zoodmchw enq Z oqnne
ne sgd oqnonrhshnm adknv0

Opnonrhshnm fi Sgd noshlhyZshnm oqnakdl —7( gZr Z ahmZqx rnktshnm
Sh i ∈ S9.fl{�SS

�S)fl(×�SS)S)fl(0

éesdq sgd lZsbgdr Zqd entmc: vd otrg sgd rhmftkZqhshdr Zknmf
sgdhq rgnqsdrs oZsgr: lnchexhmf αbqr hmsn αbla Zr rodbhzdc hm Dp0
60 Sghr dkhlhmZsdr hmsdqhnq rhmftkZqhshdr Zmc Zccr bnmsqhatshnmr sn
sgd antmcZqx hmchbdr0 Hm oZqshbtkZq: vgdm Z rhmftkZqhsx hr otrgdc sn
sgd antmcZqx: hsr hmcdw hr Zccdc sn sgd antmcZqx hmcdw ne αbqr0

Mdws: vd chuhcd αbla ax 1 hm nqcdq sn nasZhm Z rhmftkZqhsx/eqdd
khmd zdkc sn rsZqs sgd mnmbnmudw noshlhyZshnm —Rdb0 302(0 Kds tr cd/
mnsd sghr bnmmdbshnm α9 + αbla

1 0 KZrskx: enq dZbg antmcZqx bnlon/
mdms �∂Ω(h: vd bnmudqs sgd bqnrr zdkc hmcdw hmcαbla��∂Ω(h( hmsn sgd
khmd zdkc hmcdw hmcα9��∂Ω(h( vhsg sgd enkknvhmf enqltkZ.

hmcα9��∂Ω(h( +


fl
1 �hmcαbla��∂Ω(h()fl(. he �∂Ω(h dwsdqhnq
fl
1 �hmcαbla��∂Ω(h(�fl(. he �∂Ω(h hmsdqhnq�

—8(

3020 Mnmbnmudw epWld zdkc noshlhyWshnm

Ntq zmZk rsdo hr sgd mnmbnmudw noshlhyZshnm sgZs trdr sgd bnm/
rsqZhmsr bnlotsdc hm sgd oqduhntr rsZfdr sn Zunhc rhmftkZqhshdr Zmc
rsZqsr eqnl Z edZrhakd hmhshZk onhms bnlotsdc hm Rdb0 3010
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EpWld zdkc pdopdrdmsWshnm0 Sn Zkknv enq mnm/nqsgnfnmZk eqZld
zdkcr: vd qdoqdrdms sgdl vhsg Z oZhq ne tmhs/mnql khmd zdkcr0 ér
chrbtrrdc hm Rdb0 20fl: sgdrd lZx ad qdoqdrdmsdc ax tmhs/mnql qdo/
qdrdmsZshud udbsnqr: hkktrsqZsdc vhsg cZrgdc khmdr hm sgd hmrds0 Vd
bgnnrd Zm Zmfkd/aZrdc qdoqdrdmsZshnm: vhsg θfl cdmnshmf sgd —bnl/
okdw( Zqftldms ne sgd zqrs qdoqdrdmsZshud udbsnq —aktd(: Zmc θfl)θ1
cdmnshmf sgd Zqftldms ne sgd rdbnmc qdoqdrdmsZshud udbsnq —qdc(0

21 2�

Enq ntq noshlhyZshnm: vd dmbncd sgd eqZld
zdkc Zr sgqdd tmjmnvmr. —fl( φ ∈ Cl: h0d0 nmd
uZktd odq bnmmdbsdc bnlonmdms ne sgd hlZfd:
—1( α ∈ CSDhmsS: h0d0 nmd uZktd odq ctZk dcfd:
Zmc —2( θ1 ∈CSES: h0d0 nmd uZktd odq ohwdk0 ér
cdrbqhadc hm Rdb0 202: φ dmbncdr Zarnktsd qnsZ/
shnm ne sgd qnns —enq nmd ne sgd khmd zdkcr( enq
dZbg bnlonmdms Zmc α rsnqdr sgd bnmmdbshnm Zmfkdr odq ctZk dcfd0
θ1 Zqd sgd qdkZshud Zmfkdr adsvddm sgd qdoqdrdmsZshud udbsnqr Zr hm
sgd hmrds: Zmc θfl bZm ad bnlotsdc uhZ hmsdfqZshnm ne α nudq sgd sqdd:
Zr hm Dp0 fl0 Mnsd sgZs enq dZbg qnns: θfl + φ0

IhmdWp hmcdw bnmrspWhmsr0 Vd mnv cdzmd sgd khmdZq bnmrsqZhmsr
trhmf sgd enqlZkhrl ne Rdb0 202 sgZs lZjd ntq eqZld zdkcr
rhmftkZqhsx/eqdd0 Oqdbhrdkx: vd qdpthqd sgZs —fl( rtl ne Zmfkd bgZmfdr
Zknmf Z entq/ohwdk knno Zqntmc dZbg hmsdqhnq oqhlZk udqsdw —h0d0 ohwdk
bnqmdq( rgntkc ad ydqn: Zmc —1( Zknmf dZbg antmcZqx: sgd khmd zdkc
rgntkc gZud sgd hmchbdr bnlotsdc hm Dp0 80 Vd nmkx dmenqbd sgnrd
bnmrsqZhmsr nm sgd khmd zdkc qdoqdrdmsdc ax θfl, sgd naidbshud etmb/
shnm adknv bnmsqnkr sgd adgZuhnq ne sgd nsgdq khmd zdkc0

Vd fZsgdq sgdrd bnmrsqZhmsr hm sgd rsZmcZqc enql Zr �w+ a: vgdqd
� ∈CSUhmsS)m×SDhmsS Zmc a ∈CSUhmsS)m cdzmdc Zr

�+


chms9
G


. a+


9
j


—fl9(

vgdqd G hr cdzmdc hm Dp0 3: Zmc j hr cdzmdc hm Rdb0 202 vhsg sgd
hmchbdr eqnl Dp0 80

Naidbshud etmbshnm0 Vhsghm sghr bnmrsqZhmdc roZbd: vd Zqd knnjhmf
enq Z rlnnsg eqZld zdkc Zkhfmdc sn sgd hmots cqZvhmf0 Ntq naidbshud
etmbshnm hr Z rtl ne sgqdd sdqlr: bnmsqnkkhmf Zkhfmldms sn sgd khmd
cqZvhmf: rlnnsgmdrr: Zmc Z aZqqhdq sdql oqdudmshmf sgd svn khmd
zdkcr eqnl oZrrhmf sgqntfg dZbg nsgdq Zmc rvhsbghmf.

e �φ.α.θ1( +
fl
��

Dékhfmldms )
vA
�A

DAZqqhdq )
vR
�R

DRlnnsgmdrr. —flfl(

vgdqd vA + 9�4.vR + 4 enq Zkk ntq dwodqhldmsr0

éKHFMLDMS0 Sn dwoqdrr Zkhfmldms sn sgd khmd cqZvhmf: vd Zhl
sn gZud Zs dudqx ohwdk Zs kdZrs nmd ne sgd khmd zdkcr oZqZkkdk sn sgd
knbZk sZmfdms: nq: dpthuZkdmskx: odqodmchbtkZq sn sgd mnqlZkhydc hl/
Zfd fqZchdms f qdoqdrdmsdc Zr Z bnlokdw mtladq0 Sgd rdbnmc rtl/
lZmc sdql adknv dwoqdrrdr sghr bnmchshnm Zr Z oqnctbs ne mnm/
mdfZshud uZktdr0 Sgd zqrs“rdbnmc sdqlr hm sgd oqnctbs uZmhrg he sgd
zqrs“rdbnmc khmd zdkcr Zqd odqodmchbtkZq sn sgd hlZfd fqZchdms: qd/
rodbshudkx0 é fqZog ne sghr sdql lZx ad rddm hm aktd hm Ehf0 40

Dékhfmldms + ∑
h.fh ̸+9


νDν )


bnr

�
�θfl(h� Zqf�f1h (


)fl



·

bnr

�
�θfl(h)�θ1(h� Zqf�f1h (


)fl


—fl1(

Ehftpd 4. PdftkYqhyhmf deedbs ne Dν0 Sgd kdes fqYog rgnvr sgd rtl/
lYmc sdqlr enq Y ohwdk hm Dp0 —fl1(: vhsg sgd oqnctbs sdql hm aktd
–sYkkdq odYjr( Ymc Dν hm lYfdmsY –knvdq odYjr: vhsg Ym dwYffdqYsdc
ν+ 9�3 vdhfgs(0 Sgd qhfgs fqYog rgnvr sgd qdrtkshmf rtl D�khfmldms
hm qdc: vhsg bkdYqkx mnm/cdfdmdqYsd lhmhlY0 FqYogr bqdYsdc vhsg
sgd FdnFdaqY fqYoghmf YookhbYshnm )GA�∗12[0

Sgd zqrs rtllZmc sdql Dν gdkor sn qdftkZqhyd sgd Zkhfmldms sdql
ax dmrtqhmf sgZs knbZk lhmhlZ Zqd mnmcdfdmdqZsd: Zmc otrgdr sgd
khmd zdkcr ZvZx eqnl adhmf Zkhfmdc vhsg dZbg nsgdq0

Dν + ∑
h.fh ̸+9

=�bnr��θfl(h�f1h ()fl[=�bnr��θfl(h)�θ1(h�f1θh()fl[

—fl2(
Sgd sdql hmsqnctbdr odqhnchb odZjr Zqntmc etmbshnm lhmhlZ vgdqd
sgd khmd zdkcr Zqd Zkhfmdc: Zmc ν hr Z bnmrsZms sn rbZkd sgd rsqdmfsg
ne sghr sdql0 é fqZog ne Dν lZx ad rddm hm Ehf0 4 hm lZfdmsZ0 Vd
trdc ν + 9�94 enq Zkk ntq dwodqhldmsr0
RLNNSGMDRR0 Vd dwoqdrr rlnnsgmdrr ne sgd eqZld zdkc Zr svn
Chqhbgkds dmdqfx sdqlr: nmd enq dZbg khmd zdkc.

DRlnnsgmdrr + α⊤α)β⊤β. —fl3(

vgdqd β hr sgd bgZmfd hm sgd rdbnmc khmd zdkc nudq dZbg ctZk dcfd0
ér sgd Zarnktsd Zmfkd ne sgd rdbnmc khmd zdkc hr θfl ) θ1: Zmc α
ldZrtqdr sgd bgZmfd hm θfl: enq dZbg ctZk dcfd �h. i( vd cdzmd

βh i + �θ1( i� �θ1(h)αh i� —fl4(

AéQQHDQ0 EhmZkkx: vd trd sgd rsZmcZqc knfZqhsglhb aZqqhdq
—hmrds zftqd( sn oqdudms sgd svn Zwdr eqnl
bqnrrhmf dZbg nsgdq Zmc fdmdqZshmf Zwhr rvhsbg
rhmftkZqhshdr —rdd Rdb0 20fl(.

DAZqqhdq + ∑
h.fh ̸+9

� knf�θ1(h� knf�1π� �θ1(h(

—fl5(
Vhsg sgd Zwdr tmZakd sn rvhsbg: sgd hmcdw bnm/

rsqZhmsr nm sgd zqrs khmd zdkc Zqd ZtsnlZshbZkkx hlonrdc nm sgd rdb/
nmc khmd zdkc0

NoshlhyWshnm0 Vd trd Mdvsnm+r ldsgnc vhsg sgd khmdZq bnm/
rsqZhmsr: bnmshmthmf tmshk sgd fqZchdms mnql ne sgd naidbshud etmb/
shnm eZkkr tmcdq fl9�50 Ntq rsZqshmf onhms hr �φ9.α9.π�SES( vgdqd
α9 vZr bnlotsdc hm Rdb0 301 Zmc θ1 + π enq dZbg ohwdk0 φ9 Zs Z qnns
ohwdk o ne sgd roZmmhmf enqdrs hr éqf� eo(<1: rn sgZs vd rsZqs vhsg
sgd rZld tmcdqkxhmf bqnrrdr Zr sgnrd nasZhmdc hm sgd bnmudw rnkud:
Zr rddm hm Ehf0 3b0
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3030 SWmfdms rdkdbshnm,HmsdpeWbd vhsg pdrs ne ohodkhmd

Sgd udbsnqhyZshnm ldsgncr vd trdc )ARfl8: OMBA1fl[ Zkrn qdpthqd
odq/ohwdk rdkdbshnm ne nmd ne sgd Zwdr sn ad sgd btqud sZmfdms: Zr
sgd ohodkhmd adfhmr ax sqZbhmf sgd eqZld zdkc Zknmf sgd sZmfdms ch/
qdbshnmr0 Sn sghr dmc: vd zqrs ldZrtqd sgd odq/ohwdk Zkhfmldms ne
dZbg Zwhr: bnloZqhmf hs vhsg sgd Zwhr odqodmchbtkZq sn sgd hlZfd
fqZchdms: qdoqdrdmsdc ax �f1h .

ρfl + |dhθfl )f1h |1

ρ1 + |dh�θfl)θ1( )f1h |1
—fl6(

Gnvdudq: bdqsZhm ohwdkr gZud fh + 9: d0f0: hm sgd lhcckd ne Z rsqnjd
vgdm ohwdkr Zqd tmhenqlkx akZbj: Zmc nsgdqr lhfgs bnmsZhm knbZk
mnhrd Zeedbshmf sgd hlZfd fqZchdms Zmc sgd knbZk sZmfdms chqdb/
shnm0 Sn ZkkduhZsd sgdrd deedbsr: vd odqenql KZokZbhZm rlnnsghmf
ne ρfl.ρ1 ax lhmhlhyhmf sgd enkknvhmf ptZcqZshb dmdqfx.

lhm
ρ′h

fl
1
λρ±Sh �ρ

±
h )

fl
1
�ρ±h�ρh(SO�ρ±h�ρh(. h+ fl.1

Hm sgd Zanud: � hr sgd KZokZbhZm nodqZsnq Zmc O hr sgd chZfnmZk lZ/
sqhw hcdmshexhmf ohwdkr vhsg fh ̸+ 9: ansg trdc hm Rdb0 30fl0 Hm ntq
dwodqhldmsr: λ + 40 EhmZkkx: vd cdzmd sgd sZmfdms Zwhr sn ad sgd
nmd vhsg sgd rlZkkdq ρ±h odq ohwdk0

40 Pdrtksr Wmc TWkhcWshnm

Vd trd ntq rhmftkZqhsx/eqdd eqZld zdkcr Zr Z cqno/hm qdokZbdldms
enq sgd eqZld zdkcr trdc nqhfhmZkkx ax )ARfl8[ Zmc )OMBA1fl[: vghkd
lZhmsZhmhmf sgd qdrs ne sgdhq ohodkhmdr0 RdudqZk bnloZqhrnmr ne sgd
udbsnqhyZshnmr nasZhmdc vhsg ntq eqZld zdkcr Zmc sgnrd nasZhmdc
vhsg sgd nqhfhmZk eqZld zdkcr Zqd hm Ehftqdr 5/70 Ntq qdrtksr ghfg/
khfgs bkdZq hloqnudldmsr hm sgd zmZk udbsnqhyZshnmr: ats lZx rshkk
bnmsZhm ZqsheZbsr Zmc dqqnqr ctd sn sgd sqZbhmf ohodkhmdr ne )ARfl8[
Zmc )OMBA1fl[0 Enq sghr qdZrnm: vd hmbktcd etkk eqZld zdkc bnloZq/
hrnmr hm sgd rtookdldmsZqx lZsdqhZkr: vghbg cdlnmrsqZsd ntq rtod/
qhnq zdkcr0

Rhmbd sgdqd hr mn odqbdostZkkx ZvZqd ldsqhb ZuZhkZakd – vghbg
vntkc ad sgd nmkx sqtd ptZmshsZshud ldZrtqd ne uhrtZk udbsnqhyZshnm
ptZkhsx )OMBA1fl[: vd cn mns qtm sgd admbglZqj ne )XUF19[ nm
ntq qdrtksr0 Sghr admbglZqj trdr otqdkx fdnldsqhb ldZrtqdldmsr
khjd BgZledq chrsZmbd0 Hm sgd rtookdldmsZqx lZsdqhZkr: vd rgnv
sgZs sgd BgZledq chrsZmbdr adsvddm ntq udbsnqhyZshnmr Zmc sgnrd
ne )ARfl8[ nq )OMBA1fl[ Zqd udqx rlZkk —, 9�2 ohwdkr( cdrohsd bkdZq
uhrtZk cheedqdmbdr0 Sghr aqhmfr hmsn ptdrshnm sgd tshkhsx ne rtbg lds/
qhbr enq cdsdbshmf fdnldsqhbZkkx rlZkk: ats odqbdostZkkx ldZmhmfetk
cheedqdmbdr hm udbsnqhyZshnmr0

Vd rodbtkZsd sgZs Z trdetk ldsqhb ne udbsnqhyZshnm ptZkhsx vntkc
sZjd hmsn Zbbntms ansg odqbdostZkkx hlonqsZms cheedqdmbdr: d0f0: hm
sZmfdmsr: snonknfx: Zmc btquZstqd: Zr vdkk Zr trZahkhsx ne udbsnqhyZ/
shnmr0 TrZahkhsx hr bkdZqkx shdc sn sgd mtladq Zmc bnmmdbshuhsx ne
btqudr0 Sgd bgZkkdmfhmf oqnakdl ne ptZmshexhmf Zmc lZjhmf oqd/
bhrd sghr fqnto ne bqhsdqhZ hr nmd sgZs vd kdZud sn etstqd vnqj0

Hm )RAAA19[: dZbg rhmftkZqhsx Zccr Z bts hm sgd oZqZldsdqhyZ/
shnm: hmbqdZrhmf sgd mtladq ne hmsdfdq uZqhZakdr Zmc qtmshld0 Sgdhq
odqenqlZmbd: Zmc qdrtksZms sqZbhmf ptZkhsx lhfgs Zkrn admdzs eqnl
ntq eqZld zdkcr0 Rhmbd sgdx trd sgd rZld eqZld zdkcr Zr )ARfl8[

Zmc )OMBA1fl[: vd bnloZqd ntq ldsgnc ZfZhmrs sgdrd hmrsdZc: Zr
sgd zqrs eqZld/zdkc-aZrdc udbsnqhyZshnm ldsgnc Zmc sgd rsZsd ne
sgd Zqs: qdrodbshudkx0

40fi0 BnloWphrnm sn -ARfi8[

ér ntq eqZld zdkcr bnmsZhm mn rhmftkZqhshdr: sqZbhmf oqnctbdr bnm/
shmtntr rsqdZlkhmdr sgqntfgnts sgd dmshqd cnlZhm: hmrsdZc ne hmsdq/
qtosdc rsqdZlkhmdr hm )ARfl8[ —Ehf0 1a(0 Etqsgdqlnqd: sgdhq ldsgnc
qdkhdr nm gdtqhrshbr sn ZkkduhZsd sgd deedbs ne rhmftkZqhshdr: vghbg vd
mn knmfdq mddc0

Hm oZqshbtkZq: )ARfl8[ dkhlhmZsdr sgd rhmftkZq onhmsr ax qdkZwhmf
sgdhq Zkhfmldms sdql hm sgnrd ZqdZr: drshlZshmf sgZs Z snsZk ne fl’
ne sgd cZqj ohwdkr hm sgd mZqqnvaZmc Zqd Zeedbsdc0 Sghr oqnbdctqd
rtbbdrrhudkx qdctbdr sgd mtladq ne rhmftkZqhshdr eqnl gtmcqdcr sn
sdmr: sxohbZkkx0 EhmZk rhmftkZqhsx bntmsr enq )ARfl8[ Zqd fhudm enq
Zkk chrokZxdc qdrtksr hm SZakd fl0 Sghr ldsgncnknfx chrbZqcr hmenq/
lZshnm Zants sgd hlZfd: nesdm kdZchmf sn hloqdbhrd Zkhfmldms nq
hmbnqqdbs snonknfx —Ehf0 1a: 1c: 5: 6(0 Vd rnkud sghr hrrtd ax fdmdq/
Zshmf Z ghfgdq/ptZkhsx zdkc: chqdbskx hloqnuhmf sgd rsqdZlkhmdr Zmc
qdrtksZms udbsnqhyZshnm0 Etkk rsqdZlkhmd bnloZqhrnmr enq ntq ldsgnc
Zmc )ARfl8[ Zqd hm sgd rtookdldmsZqx lZsdqhZk0

Trhmf ntq eqZld zdkcr hm okZbd ne sgd nqhfhmZk eqZld zdkcr Zr hm/
ots sn sgd sqZbhmf ldsgnc ne )ARfl8[ qdrtksr hm edvdq rotqhntr udb/
snqhyZshnm aqZmbgdr: Zr rgnvm hm ansg Ehfr0 5 Zmc 60 Ntq ghfgdq/
ptZkhsx eqZld zdkcr Zqd Zkrn qdfidbsdc hm hloqnudc itmbshnm sqZbhmf:
d0f0: hm Ehf0 5 —cnmjdx: gtlZm(0 Gdqd: sgd itmbshnmr Zmc yhfyZfr oqn/
ctbdc ax ntq ldsgnc xhdkc udbsnqhyZshnmr bknrdq sn sgd hmots hlZfd0
Sghr hr hm bnmsqZrs sn sgd ldsgnc ne )ARfl8[: vghbg hmhshZkkx oqnctbdr
Z knvdq/ptZkhsx zdkc: xhdkchmf rkhfgskx hmZbbtqZsd snonknfx: oqnoZ/
fZshmf sgd zdkc dqqnq cnvm sgd ohodkhmd: Zmc tkshlZsdkx mdfZshudkx
Zeedbshmf sgd ptZkhsx ne sgdrd qdfhnmr0

4010 BnloWphrnm sn -OMBA1fi[

Sgd rsZsd/ne/sgd/Zqs khmd cqZvhmf udbsnqhyZshnm Zkfnqhsgl ne
)OMBA1fl[ qdkhdr nm eqZld zdkcr ansg enq sgd snonknfx hmedqdmbd:
vgdm zmchmf oZsgr adsvddm oqdchbsdc jdxonhmsr: Zmc enq sgd btqud
fdnldsqx hm sgdhq onkxudbsnq finv0 Vgdm qtm vhsg ntq eqZld zdkcr:
sgdhq ldsgnc oqnctbdr udbsnqhyZshnmr vghbg Zqd snonknfhbZkkx lnqd
oqdbhrd Zs itmbshnmr: sghbj rsqnjdr: Zmc zkkr: Zr bnloZqdc sn sgdhq
nqhfhmZk eqZld zdkcr0 Hm oZqshbtkZq: ntq eqZld zdkcr hloqnud sgd
qdrnktshnm ne X/itmbshnmr —Ehf0 7: zrg( Zmc bnqqdbskx qdrnkud Zl/
ahftntr bnmmdbshuhsx —Ehf0 7: bto rsdl(0

4020 OWpWldsdpr

Gdqd vd chrbtrr sgd qdkZshud deedbs ne sgd oZqZldsdqr hm sgd bnm/
udw Zmc mnmbnmudw noshlhyZshnmr —Rdb0 30fl: 302(0 Vd entmc sgZs
sgd v vdhfgs ldZrtqhmf sgd qdkZshud hlonqsZmbd ne Zkhfmldms udq/
rtr rlnnsgmdrr hm sgd bnmudw rnkud —ghfg v ldZmr lnqd dlogZrhr
nm Zkhfmldms( gZc sgd lnrs hloZbs nm sgd zmZk qdrtksr0 Hm oZqshb/
tkZq: v bnmsqnkr sgd sqZmrhshnm sgqdrgnkc adsvddm Z S/itmbshnm Zmc
Z X/itmbshnm: Zr bZm ad rddm hm Ehf0 80 é S/itmbshnm hr nmd vgdqd
sgd hmsdqrdbshmf btqud sZmfdmsr Zkhfm sn cheedqdms zdkc Zwdr: Zmc Z
X/itmbshnm hr nmd vgdqd sgdx Zkhfm sn itrs nmd zdkc Zwhr0 Hm ntq dw/
odqhldmsr: vd trdc v+ 9�fl140
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Ehftpd 5. BnloYqdc sn sgd nqhfhmYk qdrtksr ne )ARfi8[ –kdes: qdc(: sgd rtodqhnq ptYkhsx ne sgd eqYld zdkcr hloqnudr sgd qdrtksr ne sgdhq sqYbhmf
ldsgnc –fqddm btqudr: qhfgs(0 Hmots hlYfdr. cnmjdx eqnl gssor.;;vvv0dYrx/cqYvhmfr/Ymc/rjdsbgdr0bnl; ’HuYm GtrjY: rhsshmf fdrstqd eqnl
Rjdsbg1Onrd cYsYrds )AA11[
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Ehftpd 6. Sgd udbsnqhyYshnm ldsgnc ne )ARfi8[ –qdc: kdes( ur ntq ldsgnc –fqddm: qhfgs(0 Sgd rhmftkYqhshdr Ymc nsgdq hlodqedbshnmr bYtrd YqsheYbsr
hm sgd zmYk udbsnqhyYshnmr ne )ARfi8[0 Ntq qdrtksr cn mns rteedq eqnl sgdrd hrrtdr0 Hmots hlYfdr. qnrd eqnl gssor.;;vvv0dYrx/cqYvhmfr/Ymc/
rjdsbgdr0bnl; ’HuYm GtrjY: rhsshmf onrd eqnl Rjdsbg1Onrd cYsYrds )AA11[: ’NkfY Onrtjg0

Vhsg qdrodbs sn sgd vA Zmc vR vdhfgsr enq sgd mnmbnmudw no/
shlhyZshnm: vd entmc sgdl sn gZud kdrr oqnmntmbdc hmfitdmbd0 Hm
oZqshbtkZq: hs rddlr khjd sgd rsZqshmf onhms ne sgd mnmbnmudw nosh/
lhyZshnm nasZhmdc uhZ ntq bnmudw rnkud Zmc rtardptdms bnlahmf
qdrtksr hm rhlhkZq dmc qdrtksr dudm vgdm uZqxhmf vA Zmc vR0 KZrskx:
vd Zcitrs sgd Zkhfmldms sdql vhsg sgd bndezbhdms ν sn dmrtqd adssdq/
bnmchshnmdc knbZk lhmhlZ: hmbqdZrhmf qZsd ne bnmudqfdmbd Zmc ne/
edqhmf lnqd rsZakd Zkhfmldms0 Hm Zkk ne ntq dwodqhldmsr: vd trdc
vA + 9�4.vR + 4.ν + 9�940

Mnmbnmudw WakWshnm rstcx0 Enq bnlokdsdmdrr: vd hkktrsqZsd sgd
mdbdrrhsx ne dZbg sdql hm ntq mnmbnmudw naidbshud ax odqenqlhmf
Zm ZakZshnm rstcx hm Ehf0 fl10 Vd cn mns nlhs sgd aZqqhdq sdql hm ntq
rstcx Zr hs bkdZqkx Zkknvr enq Zwhr rvhsbg rhmftkZqhshdr —Ehf0 1Z: 1a(
hm rnld hmrsZmbdr0

4030 Pnatrsmdrr

Ntq ldsgnc hr qnatrs sn uZqhntr bgZmfdr hm hlZfd qdrnktshnm: hmots
hlZfd snonknfx: Zmc hmots rsqnjd vhcsg: Zr vdkk Zr cdmrhsx0 Sghr
hr oZqshZkkx ctd sn sgd mnqlZkhyZshnm sdqlr vhsghm sgd noshlhyZshnm
naidbshudr —Dp0 —4(: —flfl((0 Sghr hr cdlnmrsqZsdc Zbqnrr ntq dwZlokd
hmotsr —Ehfr0 5/7(: vgdqd: d0f0: sgd rsqnjd vhcsgr qZmfd eqnl fl ohwdk

sn fl8 ohwdkr —oZqsr ne sgd ohf: rdd rtookdldmsZqx lZsdqhZkr(0 Vd Zkrn
gZud dwokhbhs sdrsr ne qnatrsmdrr sn qdrnktshnm —Ehf0 flfl( Zmc nudqkZhc
FZtrrhZm mnhrd —Ehf0 fl9(0

4040 Opnbdrrhmf Shld

Vd qZm ntq dwodqhldmsr nm Z Kdmnun HcdZOZc 2h kZosno: vhsg Zm
Hmsdk Bnqd h2/fl1fl4T Oqnbdrrnq vhsg 7 FA ne QéL0 Sgd hmhshZk bnm/
udw rnkud: sgd khmdZq rnkud enq sgd noshlZk sqZmronqs —NS( lZsbg/
hmf oqnakdl —Rdb0 301(: Zmc sgd ZmZkxshbZk bnlotsZshnmr ne sgd
GdrrhZmr Zmc sgd fqZchdmsr gZud addm bnlotsdc hm LZskZa0 Sgdm:
vd hlokdldmsdc sgd mnmkhmdZq noshlhyZshnm —Rdb0 302( hm B## tr/
hmf sgd HONOS khaqZqx0 SZakd fl oqdrdmsr sgd qtm shldr hm rdbnmcr:
vgdqd Nos0 Shld qdoqdrdmsr sgd shld ne sgd bnmudw noshlhyZshnm:
sgd NS lZsbghmf oqnakdl: Zmc sgd mnmbnmudw noshlhyZshnm shld0
Udbs0 Shld —udbsnqhyZshnm shld( qdoqdrdmsr sgd shld —hm rdbnmcr(
eqnl vgdm sgd eqZld zdkc hr dmsdqdc hmsn sgd udbsnqhyZshnm ohodkhmd
Zmc tmshk sgd udbsnqhyZshnm Zkfnqhsgl oqnctbdr Zm RUF zkd vhsg sgd
sqZbhmf0 KZrskx: vd Zkrn qdonqs enq dZbg hmots sgd mtladq ne rhmft/
kZqhshdr sgZs qdrtks eqnl )ARfl8[+r ldsgnc0 Ntq ntsots hr rhmftkZqhsx/
eqdd0
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N0 Fts:Ym: R0 Gdfcd: D0 Ihldmdy Adqtldm: L0 Adrrldksrdu: D0 Bghdm ; RhmftkYqhsx/Eqdd EqYld Ehdkcr enq Khmd CqYvhmf UdbsnqhyYshnm flfl

Ehftpd 7. BnloYqdc vhsg sgd qdrtksr ne Onkxudbsnq Eknv ax )OMBA1fi[ vhsg sgdhq nqhfhmYk eqYld zdkcr –kdes: nqYmfd;aqnvm(: trhmf ntq eqYld
zdkc cdrhfm vhsg sgdhq sqYbhmf ldsgnc bYm rtarsYmshYkkx hloqnud sgd zmYk qdrtks –qhfgs: fqddm(0 Rhmbd vd jdos sgd sqYbhmf ldsgnc Yr hr: Ykk
sgd hloqnudldmsr Yqd rnkdkx ctd sn sgd Yardmbd ne rhmftkYqhshdr Ymc ghfgdq nudqYkk ptYkhsx ne sgd eqYld zdkc0 Hmotsr eqnl gssor.;;vvv0dYrx/
cqYvhmfr/Ymc/rjdsbgdr0bnl; ’HuYm GtrjY0

Ehftpd 8. Sgd deedbs ne sgd v vdhfgs bYm ad rddm nm sgd zmYk qdrtks/
hmf zdkc0 �rrhfmhmf fqdYsdq hlonqsYmbd sn Ykhfmldms ldYmr sgYs
kdrr ne Ym Ymfkd hr mddcdc enq Y S/itmbshnm sn adbnld Y X/itmbshnm0

4050 IhlhsWshnmr

Khjd nsgdq udbsnqhyZshnm Zkfnqhsglr enq khmd cqZvhmfr eqnl sghr bZs/
dfnqx: rtbg Zr sgnrd ne )ARfl8[: )AKVfl5[: )EKAfl5[: )MGR∗fl2[:
Zmc )OMBA1fl[: ntq ldsgnc vnqjr adrs nm cqZvhmfr vhsgnts dwsdm/
rhud rgZchmf0 Etqsgdqlnqd: ntq ldsgnc hr cdodmcdms nm cdsdqlhmhmf

sgd mZqqnvaZmc: cnmd Zr Z rhlokd bnknq hmsdmrhsx sgqdrgnkc τ: vghbg
lZx onrd bgZkkdmfdr nm hlZfdr vhsg Z udqx mnhrx aZbjfqntmc0 Rhl/
hkZqkx: ntq ldsgnc rteedqr vgdm bnmsqZrs Zcitrsldms hr onnq: vghbg
vd cdlnmrsqZsd hm sgd rtookdldmsZqx lZsdqhZkr0 Sgdrd rgnqsbnl/
hmfr Zqd rgZqdc ax mZqqnvaZmc/aZrdc ldsgncr )ARfl8: OMBA1fl[:
Zmc vd dmuhrhnm trhmf lnqd ZcuZmbdc kdZqmhmf/aZrdc ZooqnZbgdr
enq aZbjfqntmc“enqdfqntmc dwsqZbshnm Zr Z etstqd qdldcx0 KZrskx:
vd Zbjmnvkdcfd sgZs sgd btqqdms hlokdldmsZshnm ne sgd ldsgnc gZr
qdkZshudkx knmf qtmshldr: Zmc vd lhfgs knnj sn hloqnud sgdrd vhsg
lnqd rnoghrshbZsdc noshlhyZshnm sdbgmhptdr hm kZsdq hmudrshfZshnmr0

50 Bnmbktrhnmr Wmc Etstpd Vnpj

Ntq ldsgnc fdmdqZsdr rhmftkZqhsx/eqdd eqZld zdkcr: Z entmcZshnmZk
bnlonmdms sgZs gZc addm lhrrhmf eqnl rsZsd/ne/sgd/Zqs eqZld zdkc-
aZrdc udbsnqhyZshnm Zkfnqhsglr0 Sn sghr dmc: vd kdudqZfd sgd eqZld/
vnqj ne sqhuhZk bnmmdbshnmr: bntokdc vhsg Z rhlokdq eqZld zdkc qdo/
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